We give a characterization of exponentiable monomorphisms in the categories ω-Cpo of ω-complete posets, Dcpo of directed complete posets and ContD of continuous directed complete posets as those monotone maps f that are convex and that lift an element (and then a queue) of any directed set (ω-chain in the case of ω-Cpo) whose supremum is in the image of f (Theorem 1.9). Using this characterization, we obtain that a monomorphism f : X → B in Dcpo (ω-Cpo, ContD) exponentiable in Top w.r.t. the Scott topology is exponentiable also in Dcpo (ω-Cpo, ContD). We prove that the converse is true in the category ContD, but neither in Dcpo, nor in ω-Cpo.
to monomorphisms. In fact we obtain a characterization of exponentiable monomorphism f in Dcpo (ω-Cpo) asking for a lifting not only of points "in between" two elements of the image of f , but also of an element (and then of a queue; Lemma 1.5) of any directed set (ω-chain) whose supremum is in the image of f (Theorem 1.9). As far as continuous dcpo's (and in particular continuous lattices) are concerned, the first problem we have to face is that, for a given f : X → B, the functor (−) × f may not exist in ContD (or in ContL), which are not categories with finite limits (see [3] ). In the category of continuous lattices, given a monomorphism f , the functor (−)× f exists if and only if f is an isomorphism (see Proposition 2.3.) But, if we take f in ContD, exponentiable in Dcpo, we have that the functor (−) × f exists (Proposition 2.7) and it has a right adjoint in ContD (Theorem 2.8), that is a monomorphism f is exponentiable in ContD if and only if it is a monomorphism of ContD exponentiable in Dcpo.
Since, by means of the Scott topology (see [3] ), we can fully embed the category ω-Cpo in the category Top of topological spaces and continuous maps, it may be interesting to compare exponentiable monomorphisms in ω-Cpo, Dcpo, ContD with exponentiable monomorphisms in Top. A topological characterization of exponentiable morphisms in Top is given by Niefield in [4] . She proves that exponentiable regular monomorphisms in Top coincide with locally closed embeddings. In [6] , Corollary 2.4, Richter gives a characterization of exponentiable monomorphisms as local locally closed embeddings. Using our characterization Theorem 1.9, we can prove that a monomorphism in Dcpo (ω-Cpo, ContD) exponentiable in Top is exponentiable also in Dcpo (ω-Cpo, ContD). As a final result, in Proposition 3.4 we prove that the converse is true in the category ContD, while it is not true in ω-Cpo and in Dcpo, as Example 3.3 shows.
Exponentiability in Dcpo and in ω-Cpo
In this section we are going to consider the categories Dcpo and ω-Cpo of directed complete posets and ω-complete posets, with continuous functions (see [1, 3] ). We shall need some definitions and standard results concerning them. Definition 1.1. A poset B in which every directed subset (ω-chain) has a supremum is called a directed complete (ω-complete) poset or dcpo (ω-cpo) for short.
Dcpo's (ω-cpo's) are usually considered as topological spaces when endowed with the Scott topology, where C is closed in B if it is a lower set closed under suprema of directed subsets (ω-chains). A map f : A → B between dcpo's (ω-cpo's) is 1. continuous with respect to the Scott topologies if and only if f preserves directed sups (ω sups); 2. a monomorphism if and only if it is a continuous injective function; 3. a regular monomorphism if and only if it is a continuous order embedding.
We can then fully embed the category ω-Cpo (and consequently Dcpo) in the category Top of topological spaces and continuous maps. It is easy to see that any topological embedding between dcpo's (ω-cpo's) is a regular monomorphism, but the converse is not true.
The categories ω-Cpo and Dcpo are cartesian closed, since for any object X , the functor − × X has a right adjoint, denoted by (−) X . This property follows from the fact that the category Pos of partially ordered sets and monotone maps is itself cartesian closed. This is no longer true when we consider the category Pos/B of partially ordered sets over a fixed base poset B, since not every map is exponentiable, where Definition 1.2. A morphism f : X → B is exponentiable in a category C with finite limits if the functor (−) × f : C/B → C/B has a right adjoint (−) f .
In [7] and in [5] , exponentiable morphisms in Pos are characterized as convex monotone maps (called interpolationlifting maps in [5] ) where Definition 1.3. A map f : X → B in Pos is convex if, for x ≤ y in X , any b between f (x) and f (y) can be lifted to an element between x and y.
Using similar arguments, we can prove that also in Dcpo and in ω-Cpo every exponentiable map is convex. But this condition is not sufficient. In order to characterize exponentiable monomorphisms f in these categories, as we will prove later, we need to lift also a queue of any directed set D, whose supremum is in the image of f , where
As an easy consequence of convexity, it is sufficient to lift only an element of D, as the following lemma shows: The main tool that we use to obtain our characterization is the notion of partial product (see [2] ): Definition 1.6. Given f : X → B and Y in a category C with finite limits, the partial product P( f, Y ) of Y on f is defined (when it exists) as a morphism p : P → B equipped with an "evaluation" e : P × B X → Y , such that the square in
is a pullback and, given a pullback diagram on f and a map h :
there is a unique h : W → P with g = ph and h = e(h × B X ):
x x r r r r r r r r r r
The existence of partial products on f is equivalent to exponentiability of f (Lemma 2.1 in [2] ). In the case where f is a monomorphism in Pos, it turns out that P × B X = Y × X and that the evaluation map e coincides with the first projection π Y : Y × X → Y . Furthermore, as a set, P = B \ f (X ) ∪ (Y × X ) and the order on P is given by the following lemma: Lemma 1.7. Let f : X → B be an exponentiable monomorphism in Pos and Y in Pos. Then, given z 0 and z 1 in P = P( f, Y ), we have:
• if z 0 and z 1 are in Y × X , so that z 0 = (y 0 , x 0 ) and z 1 = (y 1 ,
Proof. Given z 0 and
in P if and only if h is monotone and this is true if and only if
If either z 0 or z 1 are in B \ f (X ), then S × B X contains at most one element, so thatk is trivially monotone. If z 0 and z 1 are in Y × X , so that z 0 = (y 0 , x 0 ) and z 1 = (y 1 , x 1 ), when x 0 ≤ x 1 in X , S × B X has the discrete order and, as before,k is trivially monotone. When
Remark 1.8. The same order exists in P, when considering partial products on exponentiable monomorphisms in Dcpo, ω-Cpo, ContD, ContL.
We have the following characterization:
f is exponentiable iff f is convex and condition
Proof. Let f be exponentiable in Dcpo. Let D be a directed set in B, with f (x) = ∨D. We want to prove first that there existsd ∈ D such that, for any d ≥d, d ∈ f (X ). Let us consider the partial product P( f, ∅) on f of ∅. Since P( f, ∅) = B \ f (X ) and p is an order embedding, if, for anyd ∈ D, there exists d ≥d with d ∈ f (X ), these elements d constitute a directed set D ⊂ B \ f (X ) and consequently with ∨D ∈ f (X ). But this is impossible since ∨D = ∨D. Then, for somed and any
Now, let P denote the partial product of f on S. If k : X → S denotes the constant function of value 1, by the universal property of the partial product, there exists k : B → P, corresponding to k:
Suppose now that f is convex and Condition (L) holds. We want to prove that f is exponentiable showing that the partial product p : P → B of Y on f in Pos is a partial product of Y on f also in Dcpo. Recall that, as a partially ordered set, P = B \ f (X ) ∪ Y × X , with the order relation given by Lemma 1.7.
Given any directed set
, by Condition (L) and Lemma 1.5, there exists a queue
is a directed set, by the definition of order in P. It is easy to see that p P (∨π Y p −1 P (M ), x) = ∨M = ∨M. This means that P is a dcpo and that p is continuous. Then P × B X is the pullback of p along f also in Dcpo, so p P is continuous. Furthermore, since f is monic, P × B X ∼ = Y × X and the evaluation map coincides with the projection π Y on Y , that is continuous, because the product in Dcpo is the same as in Pos.
What we need to show is that the universal property holds also in Dcpo. Let
be a pullback diagram in Dcpo, with h continuous.
Since this is a pullback diagram also in Pos, there exists a monotone map h : T → P, with ph = k and
We have to show that h is continuous. Let R be a directed set in T , with ∨R = t. Then h (R) is a directed set in P and there exists ∨h (R). If k(t) ∈ f (X ), since ∨k(R) = k(t), h (t) = ∨h (R), by definition of order in P. Otherwise, if k(t) ∈ f (X ) and f (x) = k(t), by Condition (L) and Lemma 1.5, there exists a queue D of k(R)
) is a directed set and ∨f −1 (R ) = (t, x) =f −1 (t), because of the definition of order in T × B X . By continuity of h, we have h(∨f −1 (R )) = ∨h(f −1 (R )) and then ∨h (R) = ∨h f is exponentiable iff f is convex and condition
Proof. The same as in Theorem 1.9, mutatis mutandis.
Remark 1.11. Condition (L) does not imply convexity: if we consider the dcpo's X = {a, b, c}, with the only nontrivial relation a < b and a < c, B = {1, 2, 3} linearly ordered and the map f : X → B defined by f (a) = 1, f (b) = 2 and f (c) = 3, f fulfills condition (L), but it is not convex.
It is worth noting that the above example shows also that Condition (L) does not imply that f is a regular monomorphism in Dcpo.
Exponentiability in ContD and in ContL
In this section we turn our attention to the categories ContD and ContL of continuous directed complete posets and continuous lattices, with continuous functions, where (see [1, 3] If B is a continuous dcpo and a complete lattice, then it is called a continuous lattice. It is well known that ContL is a cartesian closed category, while ContD is not (see [1, 3] ). If we want to study exponentiability of monomorphisms, we have to face the fact that both categories do not have equalizers (and then pullbacks) (see [1] ), so that we cannot form the functor (−) × f , for a generic f . This implies that we have to study first those monomorphisms which admit such a functor. Proposition 2.3. Let f : X → B be a monomorphism in ContL. Then f admits pullbacks along any morphism if and only if it is an isomorphism.
Proof. Let us suppose there exists b ∈ B \ f (X ). The pullback of f along the inclusion of b in B is the empty set, which is not a continuous lattice. So f must be surjective. If there exist x 1 < x 2 in X with f (x 1 ) < f (x 2 ), the pullback of f along the inclusion of { f (x 1 ), f (x 2 )} in B has the discrete order; therefore it cannot be a lattice. Before going on to state what happens in ContD, we need the following lemma: Lemma 2.5. Let f : X → B be an exponentiable monomorphism in Dcpo; then
. Therefore there is an a such that f (a) ≥ f (x 1 ). If a > x 1 in X , in the partial product P = P( f, S), where S = {0 < 1}, (0, f (a)) > (1, f (x 1 )) and then (0, ∨ f (A)) > (1, f (x 1 )) . By definition of order in P, it follows that ∨A > x 1 , which is impossible, since ∨A ≥ x 2 > x 1 . 2. Suppose x 1 x 2 . Since B is continuous, f (x 2 ) = ∨ f (x 2 ). By exponentiability of f , we can consider a queue
Corollary 2.6. Let f : X → B be a monomorphism in ContD exponentiable in Dcpo. Then f is a local homeomorphism w.r.t. the Scott open topology.
Proof. By Proposition 2.2, we can show that for any x ∈ X and x x, f restricted to the open set x is an embedding.
Let y be a base open set of x , with x y. We prove that f (
Proposition 2.7. Let f : X → B be a monomorphism in ContD exponentiable in Dcpo. Then f admits pullbacks along any morphism in ContD.
Proof. It is sufficient to prove that, for any g : Y → B, the pullback Y × B X of g along f in Dcpo
Since f is exponentiable in Dcpo, so isf and then the directed setf (z) has a queue which is lifted byf . Let D be this lifted queue and z = ∨D. By Lemma 2.5, for any d ∈ D, d z, and so Y × B X is a continuous dcpo.
Theorem 2.8. Let f : X → B be a monomorphism in ContD. f : X → B is exponentiable in ContD if and only if it is exponentiable in Dcpo.
Proof. Let f : X → B be exponentiable in ContD. As in the case of Pos (see e.g. [5] ), it is easy to show that f must be convex. Using the same argument as in Theorem 1.9, we prove that f fulfills condition (L); then f turns out to be exponentiable in Dcpo.
When f is exponentiable in Dcpo, by Proposition 2.7, all we need to show is that, given Y in ContD, the partial
is continuous. So, given z ∈ P, we have to prove that there is a directed set M ⊂ z with ∨M = z.
from the definition of order in P given in Lemma 1.7, it follows that the inclusion of B \ f (X ) in P is a regular monomorphism. This means that M = p −1 (D) is a directed set in P with ∨M = z and any m z, again by the definition of order in P. Otherwise, there exists a queue Q of D with Q ⊂ f (X ). Suppose that there existsd ∈ Q such that, for any
Then, by convexity, the queue Q = {d ≥d} is ordered as f −1 (Q ); then f (∨ f −1 (Q )) = ∨Q = p(z), which is contrary to our hypothesis. Then we can suppose that, for any d ∈ Q, there exists
We want to prove that p P (ȳ, x) z. Let us suppose ∨A ≥ z.
, while x ≤ x . This implies that p P (ȳ, x) ≤ a, by the definition of order in P. 
, for y ∈ Y . But Y is continuous; then y = ∨E, with y y, for any y ∈ E. This means that in Y × X , (y,
All we need to show is that p P (y , x ) z, for any (y ,
If there exists an a ≥ a such that p(a ) ∈ f (X ), p(a ) ≥ d and then a ≥ p P (y , x ). So we can suppose A = {a ≥ a}, p(A ) ⊂ f (X ). If there exists an a ∈ A such that f −1 ( p(a )) ≥ x , then a ≥ p P (y , x ). So we can suppose, for any a ∈ A , f −1 ( p(a )) ≥ x and, by convexity,
we must have y ≤ȳ in Y . This means that (ȳ, α) ≥ (y, x) in Y × X . Now, since also p P is exponentiable in Dcpo and A is a directed set in P with ∨A = p P (ȳ, α) ∈ p P (Y × X ), there exists a queue A of A such that p −1 P (A ) is ordered as A and ∨ p −1
(y, x), this implies that there exists a ∈ A such that p −1 P (a ) ≥ (y , x ); then p P (y , x ) ≤ a .
Comparing exponentiability in Dcpo, ω-Cpo and in Top
It may be interesting to compare exponentiable monomorphisms in Dcpo (ω-Cpo, ContD) with those monomorphisms exponentiable in Top. In [4] Niefield gives a characterization of exponentiable morphisms in Top, that, in the case where f : X → B is a topological embedding, shows that f is exponentiable if and only if it is Suppose now b = f (x) = ∨D, with D a directed set in B. If there is no queue of D in f (X ), we can build a directed set D cofinal in D with D in B \ f (X ) and f (x) = ∨D . Now we can consider the partial product P of f over the Sierpinski space S in Top. Since both X and B are T 0 , so also P is T 0 (see [5] ). If we consider the two constant maps c 0 , c 1 : X → S, by the universal property of the partial product we get two embeddings h 0 , h 1 : B → P. Any open V in P with h 1 (b) ∈ V contains a queue of h 1 (D ) = h 0 (D ); hence h 0 (b) ∈ V . In the same way, any open set U containing h 0 (b) ∈ U contains h 1 (b). This is impossible, since P is T 0 . (1, 0) < (2, 0) < · · · < (n, 0) < .
. . which is exponentiable in Dcpo and in ω-Cpo by Theorems 1.9 and 1.10, but it is not exponentiable in Top, by Corollary 2.4 in [6] . In fact, given any neighborhood U of (1, 0) in X , there exists n > 1 with (n, 1) ∈ U and U = U \ ↓ (n, 1) is an open set of U , while f (U ) is not upward closed and then not open in f (U ). This implies that f |U is not an embedding. As far as continuous domains are concerned, now we are going to prove that
